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Just as Shakespeare is not sufficient for literature and Copernicus is
not sufficient for astronomy, so Euclid is not sufficient for geometry.
Like scholars in all times and places, Euclid wrote about the concepts
of geometry that he knew and that he could treat with the methods
available to him. Thus he did not write about the geometry of maps,
networks, or flexible forms, all of which are of central importance today.

Shape is a vital, growing, and fascinating theme in mathematics with
deep ties to classical geometry but goes far beyond it in content, mean-
ing, and method. Properly developed, the study of shape can form a
central component of mathematics education, a component that draws
on and contributes to not only mathematics but also the sciences and
the arts.

Like many other important concepts, "shape" is an undefinable term.
We cannot say precisely what "shape" means, partly because new kinds
of shapes are always being discovered. We assume we know what shapes
are, more or less: we know one when we see one, whether we see it with
our eyes or in our imaginations.

But we know much more than this. We know that shapes may be alike
in some ways and different in others. A football is not a basketball, but
both are smooth closed surfaces; a triangle is not a square, but both are
polygons. We know that shapes may have different properties: a triangle
made of straws is rigid, but a square made of straws is not. We know
that shapes can change and yet be in some way the same: our shadows
are always our shadows, even though they change in size and contour
throughout the day.

In the study of shape, our goals are not so very different from those of
the ancient Greek philosophers: to discover similarities and differences
among objects, to analyze the components of form, and to recognize
shapes in different representations. Classification, analysis, and repre-
sentation are our three principal tools. Of course, these tools are closely
interrelated, so distinctions among them are to some extent artificial. Is
symmetry a tool for classifying patterns or a tool for analyzing them?
In fact, it is both. Nevertheless, it is helpful to discuss each of these
tools separately.

CLASSIFICATION

One of the great achievements of ancient mathematics was the discov-
ery that there are exactly five convex, three-dimensional shapes whose
surfaces are composed of regular polygons, with the same number of
polygons meeting at each corner. These shapes, known as the regular
polyhedra, are shown in Figure 1. This discovery so excited the imag-
ination of the ancients that Plato made these shapes the cornerstone
of his theory of matter (see his dialogue Timaeus), and Euclid devoted